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Termination of Rewriting

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — s(max(x, y))
ged(0,s(x)) — s(x) x—0—x
ged(s(x),0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))
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Termination of Rewriting

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0, y) —
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(xy) - min(x,y), s(min(x)))

ged(6,4)

TU/e:
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Termination of Rewriting

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
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ged(0,s(x)) — s(x) x—0—x
ged(s(x),0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

ged(6,4) — ged(max(5,3) — min(5,3),s(min(5, 3)))
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Termination of Rewriting

min(x,0) — 0 max(x,0) — x
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Termination of Rewriting
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gcd(6,4) —T ged(s(s(max(3,1))) — min(5, 3),s(min(5, 3)))
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Termination of Rewriting

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — s(max(x, y))
ged(0,s(x)) — s(x) x—0—x
ged(s(x),0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

ged(6,4) —T ged(s(s(s(max(2,0)))) — min(5, 3),s(min(5,3)))
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Termination of Rewriting

min(x, 0) — max(x, 0) — x
min(0, y) — max(0,y) — y
min(s(x), s(y)) — S(m'n(X ¥)) max(s(x),s(y)) — s(max(x, y))
ged(0,s(x)) — s(x) x—0—x
ged(s(x),0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(x,y), s(min(x,y)))

ged(6,4) —T ged(s(s(s(2))) — min(5, 3),s(min(5,3)))
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Termination of Rewriting

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — s(max(x, y))
ged(0,s(x)) — s(x) x—0—x
ged(s(x),0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

gcd(6,4) —»T ged(5 — 3,4)
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Termination of Rewriting

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — s(max(x, y))
ged(0,s(x)) — s(x) x—0—x
ged(s(x),0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

gcd(6,4) —1 ged(2,4)
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Termination of Rewriting

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
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Termination of Rewriting

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — s(max(x, y))
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ged(6,4) —* ged(0,2)
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Termination of Rewriting

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0, y) —
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

gcd(6,4) —1 2
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Definition

A TRS is terminating if it does not admit an infinite rewrite sequence.

TU/e =
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Definition

A TRS is terminating if it does not admit an infinite rewrite sequence.

Termination methods

Knuth-Bendix order, polynomial interpretations, lexicographic path order, multiset
order, multiset path order, recursive path order, semantic path order, recursive
decomposition order, transformation order, elementary interpretations,
well-founded monotone algebra, general path order, semantic labeling, type
introduction, freezing, top-down labeling, dependency pair method, matchbounds,
size-change principle, predictive labeling, uncurrying, matrix interpretations,
quasi-periodic interpretations, bounded increase . ..
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A TRS is terminating if it does not admit an infinite rewrite sequence.

Termination methods

Knuth-Bendix order, polynomial interpretations, lexicographic path order, multiset
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AProVE, Cariboo, Cime, JamBox, MatchBox, MultumNonMulta, MuTerm,
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© Theory
@ Semantic Labeling (SL)

o Predictive Labeling (PL)
@ Dependency Pairs (DP)

© Practice
@ SAT encoding
@ Experimental results

© Conclusions
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Outline

© Theory
@ Semantic Labeling (SL)

o Predictive Labeling (PL)
@ Dependency Pairs (DP)
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Semantic Labeling (SL)

Is this TRS terminating?
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Semantic Labeling (SL)

How about this one?
min(x,0) — 0
min(0,y) — 0
min(s(x), (1)) — s(min(x, ))
max(x,0) — x
max(0,y) — y
max(s(x),s(y)) — s(max(x, y))
s(x) =s(y) = x—vy
x—0—x

ged(s(x), s(y)) — ged(max(x, y) — min(x, ), s(min(x; y)))

TU/e'
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Semantic Labeling (SL)

min(x,0) — 0
min(0,y) — 0
min(s(x), s(y)) — s(min(x, y))

max(x,0) — x

max(0,y) — y
max(s(x),s(y)) — s(max(x, y))
s(x) —s(y) > x—y
x—0—x

ged(s(x), s(y)) — ged(max(x, y) — min(x, ), s(min(x;, y)))

On =0 sn(x)=2x+1 miny(x,y) =x maxn(x,y)=x+y
_N(va):X ngN(va):O
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Semantic Labeling (SL)

min(x,0) — 0 x>0
min(0,y) — 0 0>0
min(s(x),s(y)) — s(mln(x ¥)) 2x+1>2x+1
max(x,0) — X > X
max(0,y) — y vey
max(s(x),s(y)) — s(max(x, y)) 2x+2y+2>2x+2y +1
s(x)—s(y) = x—vy 2x+1>x
x—0—x X > X

ged(s(x),s(y)) — ged(max(x,y) — min(x,y),s(min(x,y))) 0>0

On=0 sn(x)=2x+1 miny(x,y) =x maxy(x,y) =x+y
—n(x,y) =x gedy(x,y) =0
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Semantic Labeling (SL)

min(x, 0

— 0
— 0
— s(min(x, y))
-y
— s(max(x, y))

min(0, y
min(s(x),s(y)
max(x, 0
max(0, y
max(s(x),s(y)
s(x) =s(y) = x—y
x—0—x i,jeN

gedyioj13(s(x),s(y)) — gedajyoj41(max(x, y) — min(x, y),s(min(x, y)))

ged;(x,y) — ged;(x,y) i>j

~— ~— — ~— ~— —

Oy =0 sn(x)=2x+1 miny(x,y) =x maxn(x,y)=x+y
—n(x,y) =x  gedy(x,y) =0
ﬂgcd(x,y):2x+y
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Semantic Labeling (SL)

min(x,0) — 0
min(0,y) — 0

min(s(x), s(y)) — s(min(x;, y))
max(x,0) — x = LPO applicable
max(0, y) — y

max(s(x),s(y)) — s(max(x, y))

s(x) =s(y) = x—y
x—0—x
g¢dy1943(5(x),5(y)) — gdaiyoj1(max(x, y) — min(x, y), s(min(x, y)))
gedi(x,y) — gedj(x, y)
On=0 sn(x)=2x+1 miny(x,y) =x maxn(x,y)=x+y
—n(x,y) =x  gedy(x,y) =0
egcd (x,y)=2x+y
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Semantic Labeling (SL)

min(x, 0

—0

—0

— s(min(x, y))

— X = LPO applicable

min(0, y
min(s(x),s(y)
max(x, 0
max(0, y
max(s(x), s(y)
s(x) —s(y) = x—y
x—0—x

ng4i+2j+3(s(X)a s(y)) — ng4i+2j+1(maX(XvY) — min(x, y),s(min(x, y)))

ged;(x, y) — ged;(x, y)

—y ... > ged; > gedy > {min,max, —} >s

~— ~— — ~— ~— —

— s(max(x, y))

On=0 sn(x)=2x+1 miny(x,y) =x maxy(x,y) =x+y
—n(x,y) =x gedy(x,y) =0
egcd(x,y):2x+y
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Semantic Labeling (SL)

Definition (Semantic labeling)

@ Semantics:
o F-algebra A = (A, {fa}rcr,>4,24)
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Semantic Labeling (SL)

Definition (Semantic labeling)

@ Semantics:
o F-algebra A= (A, {fa}trer,>u4,24)

o Labeling:

o for every f € F a set of labels Ly C A
o labeling functions ¢f : A" — L¢ for every n-ary f € F with Ls #£ ()
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Semantic Labeling (SL)

Definition (Semantic labeling)

@ Semantics:
o F-algebra A = (A, {fa}rer,>4,24)
o Labeling:

o for every f € F a set of labels Ly C A
o labeling functions £f : A" — L for every n-ary f € F with Ly # ()

@ Labeling of terms (for a variable assignment o : V — A).

t if tis a variable,
labo (t) = < f(laba(t1),. .., laba(ts)) if t = f(t1,...,ts) and Lf = &,
fa(laba(t1), ..., laba(ts)) if t = f(t1,...,ts) and L # @

with a = le([a]a(tr), ..., [a]a(tn))
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Semantic Labeling (SL)

Definition (Semantic labeling)

@ Semantics:
o F-algebra A= (A, {fatrer,>ua,24)
o Labeling:
o for every f € F a set of labels Ly C A
o labeling functions £f : A" — L for every n-ary f € F with Ly # ()

@ Labeling of terms (for a variable assignment o : V — A).

t if t is a variable,
laba (t) = ¢ f(laba(t1),. ., laba(ts)) if t = f(t1,...,ts) and Lr = &,
fr(laba(t1), ..., laba(ts)) if t = f(t1,...,t,) and L # &

with a = ¢¢([a] a(tr), . . ., [@]a(tn))
@ Labeled TRS:

o Rip = {laba(/) — laba(r) | - re R,a:V — A}
o Decr = {fo(x1,...,Xn) — fo(x1,...,%n) | f € F,Lf # @;a,b € Lr,a > b}
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Semantic Labeling (SL)

Theorem (Zantema, 1995)
A TRS R is terminating if there exists:

@ a weakly-monotone F-algebra and

® a weakly-monotone labeling ¢
such that:

@ RC 24 and

@ Riap U Decr is terminating
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Predictive Labeling (PL)

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
min(s(x),s(y)) — s(min(x, y)) max(s(x),s(y)) — s(max(x, y))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy
ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))
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Predictive Labeling (PL)

min(x,0) — 0 max(x,0) — x
min(0,y) — 0 max(0,y) — y
min(s(x), s(y)) — s(min(x;, y)) max(s(x),s(y)) — s(max(x;, y))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy
ged(s(x),5()) — ged(max(xy) - min(xy), s(min(x.y)))

On=0 sn(x)=2x+1 miny(x,y) =x maxn(x,y)=x+y
_N(Xay):X ngN(va):O

Problem: how to obtain a quasi-model?

TU/e:
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Predictive Labeling (PL)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0, y) —
min(s(x), s(y)) — s(min(x;, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

On=0 sn(x)=2x+1 miny(x,y) =x maxy(x,y)=x+y
_N(Xay):X ngN(va):O

Problem: how to obtain a quasi-model?
= use predictive labeling (quasi-model constraints only for usable rules)

IU/e
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Predictive Labeling (PL)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0,y) — y
min(s(x),s(y)) — s(min(x, y)) max(s(x), s(y)) — s(max(x; y))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy

ged(s(x).s(y)) — gcd(max(x,y) - min(xy), s(min(x)))

Computation of usable rules:

@ Look at symbols that will get labels.

TU/e:
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Predictive Labeling (PL)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0,y) —
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy
ged(s(x), 5(v)) — ged(max(x.y) - min(xy), s(min(x)))

Computation of usable rules:
@ Look at symbols that will get labels.
@ Look at their subterms.

TU/e'
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Predictive Labeling (PL)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0, y) —
min(s(x), s(y)) — s(min(x;, y)) max(s(x),s(y)) — s(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

Computation of usable rules:
@ Look at their subterms.
@ All function symbols occurring there are usable.

TU/e'
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Predictive Labeling (PL)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0, y) —
min(s(x), s(y)) — s(min(x;, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

Computation of usable rules:
@ All function symbols occurring there are usable.
@ Also the symbols that depend on them.

TU/e'
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Predictive Labeling (PL)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0, y) —
min(s(x),s(y)) — s(min(x, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

Oy =0 sy(x)=2x+1 miny(x,y) =x maxy(x,y)=x+y
*N(Xay):X ngN(Xay):O
Computation of usable rules:

@ Also the symbols that depend on them.

© Semantics needed only for usable symbols.
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Predictive Labeling (PL)

min(x,0) — max(x,0) —
min(0,y) — max(0,y) —
min(s(x), s(y)) — S(m'”(x ¥)) max(s(x), s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) =) =D
ged(s(x), 0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

Computation of usable rules:
@ Semantics needed only for usable symbols.
@ Quasi-model constraints only required for usable rules.

TU/e'
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Predictive Labeling (PL)

min(x,0) — max(x,0) —
min(0,y) — max(0, y) —
min(s(x), s(y)) —>S(m'n(X ) max(s(x),s(y)) — s(maX(X 2))
ged(0,s(x)) — s(x) x—0—x
ged(s(x),0) — s(x) s(x) =s(y) = x—y
ged(s(x),s(y)) — ged(max(x,y) - min(x,y), s(min(x,y)))

Computation of usable rules:

@ Look at symbols that will get labels.

@ Look at their subterms.

@ All function symbols occurring there are usable.
@ Also the symbols that depend on them.

© Semantics needed only for usable symbols.

@ Quasi-model constraints only required for usable rules.
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Predictive Labeling (PL)

Definition (Usable rules)
o frgg=3f(...) >reR,g(...)<r

TU/e

A.Koprowski, A.Middeldorp (TU/e, Innsbruck U.) Predictive Labeling with DP using SAT 20 July 2007 CADE Bremen 10 /25



Predictive Labeling (PL)

Definition (Usable rules)

o frqg=3f(...)—>reR,g(...)r
o [*={g|fr>} g for some f € F}.

TU/e
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Predictive Labeling (PL)

Definition (Usable rules)

o frqg=3f(...)—>reR,g(...)r
o F*={g|fp>} g for some f € F}.

%] if tis a variable,
° Gy(t) = F(t1)*U---UF(t,)* ift="F(ts,...,tn) and L # &,
Ge(t1)U---UGp(tn) ift="F(tr,....t) and L =&
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Predictive Labeling (PL)

Definition (Usable rules)
o frgg=3f(...)—>reR,g(...)<r
o F*={g|fr} g for some f € F}.
@ if t is a variable,
o Gu(t) = F(t1)*U---UF(t,)* ift="F(ts,...,tn) and L # &,
Ge(t))U---UGy(t,) ift=F(t1,...,t,) and Ly =&
® Gu(R) = U rer 9e(1) U Ge(r)

A.Koprowski, A.Middeldorp (TU/e, Innsbruck U.) Predictive Labeling with DP using SAT 20 July 2007 CADE Bremen

10 / 25



Predictive Labeling (PL)

Definition (Usable rules)

o frqg=3f(...)—>reR,g(...)r
o F*={g|fp>} g for some f € F}.

& if tis a variable,

° Gu(t) = F(tr)*U---UF(t,)* ift="F(ta,...

Ge(t))U---UGy(t,) if t =F(ty,.

° Gu(R) = U er Ge(l) U Ge(r)
o U(R,l) ={l — reR|root(l) € Go(R)}

,tp) and Lf # &,
..,t,,) and Ly = @
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Predictive Labeling (PL)

Theorem (Hirokawa, Middeldorp, 2006)
A TRS R is terminating if there exists:

@ a weakly-monotone |I-algebra and

@ a weakly-monotone labeling ¢
such that:

© U(R,l) C 24 and

@ Riap U Decr is terminating
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Dependency Pairs (DP)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0,y) —
min(s(x), s(y)) — s(min(x, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))
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Dependency Pairs (DP)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0, y) —
min(s(x), s(y)) — s(min(x;, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—vy

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))

= apply dependency pairs
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Dependency Pairs (DP)

min(x,0) — 0 max(x,0) —
min(0,y) — 0 max(0,y) —
min(s(x), s(y)) — s(min(x;, y)) max(s(x),s(y)) — S(maX(X ¥))
ged(0,s(x)) — s(x) x—0—x
ged(s(x), 0) — s(x) s(x) =s(y) = x—y

ged(s(x),s(y)) — ged(max(x,y) - min(xy), s(min(x.y)))
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Dependency Pairs (DP)

min(x,0) — 0 max(x, 0)
min(0,y) — 0 max(0,y) — y
min(s(x), s(y)) — s(min(x, y)) max(s(x), ()’)) — s(max(x, y))
ged(0,s(x)) — s(x) —0—x
ged(s(x),0) — s(x) s(x) — (Y) —Xx—y
ged(s(x), s(y)) — ged(max(x,y) - min(x,y), s(min(x,y)))
(1) minus’(s(x),s(y)) — minus’(x,y)  (5) gcd®(s(x),s(y)) — min®(x, y)
(2)  min®(s(x),s(y)) — min*(x, y) (6)  ged(s(x).s(y)) — max’(x,y)
(3)  max(s(x),s(y)) — max(x,y)
(4) ged® (s(x), s(y)) — minus?(max(x, y), min(x, y))
() ged*(s(x), s(y)) — ged* (max(x, y) — min(x, ), s(min(x, y)))

A.Koprowski, A.Middeldorp (TU/e, Innsbruck U.) Predictive Labeling with DP using SAT



Dependency Pairs (DP)

( (s(x),s(y)) = minus’(x,y) ~ (5)  ged?(s(x),s(y)) — min‘(x, )
( (s(x),5(y)) — min*(x, y) (6)  ged*(s(x),s(y)) — max(x,y)
(3)  max(s(x),s(y)) — max(x,y)
( (s(x),s(
( (s(x), s(

1)  minus

2) min®

4) ged? y)) — minus*(max(x, y), min(x, y))
7) ged?(s(x), s(y)) — ged?(max(x, y) — min(x, y), s(min(x, y)))

A.Koprowski, A.Middeldorp (TU/e, Innsbruck U.) Predictive Labeling with DP using SAT



Dependency Pairs (DP)

(1) minust(s(x),5(v)) — minust(x,y)  (5)  ged(s(x),5(y)) — mint(x,y)
(2)  min®(s(x),s(y)) — min*(x,y) (6)  ged*(s(x),s(y)) — max(x,y)
(3)  max(s(x),s(y)) — max‘(x,y)

4 ged?(s(x), s(y)) — minus®(max(x, y), min(x, y))

() ged(s(x). s(y)) — ged? (max(x, y) — min(x, y), s(min(x, y)))

I

(=)
OZOZOE
(O~
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Dependency Pairs (DP)

( (s(x),s(y)) = minus’(x,y) ~ (5)  ged?(s(x),s(y)) — min‘(x, )
( (s(x),5(y)) — min*(x, y) (6)  ged*(s(x),s(y)) — max(x,y)
(3)  max(s(x),s(y)) — max(x,y)
( (s(x),s(
( (s(x),s(

1)  minus

2) min®

4) ged” y)) — minus?(max(x, y), min(x, y))
7) ged?(s(x), s(y)) — ged?(max(x, y) — min(x, y), s(min(x, y)))
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Proving termination with PL

(1) SN(R)
DP transformation
(2 SN(DP(R),R)

DP graph analysis

- 3) SN(C,R)
Predictive labeling

4) SN(Ciab, Riab U Decr 1)

Reduction pair processor
modulo 7

(5) SN(C|ab\ >7I_TP07 Riap U Decr}-u)

Unlabeling

- 6) SN(C',R)
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Proving termination with PL

(1) SN(R)
DP transformation
(2 SN(DP(R),R)

DP graph analysis

- 3) SN(C,R)
Predictive labeling

4) SN(Ciab, Riab U Decr 1)

Reduction pair processor
modulo 7

(5) SN(C|ab\ >7I_TP07 Riap U Decr}-u)

Problem: Cj,p and R, are infinite!

Unlabeling

- 6) SN(C',R)
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Proving termination with PL

(1) SN(R)
DP transformation
(2 SN(DP(R),R)

DP graph analysis

- 3) SN(C,R)
Predictive labeling

4) SN(Ciab, Riab U Decr 1)

Reduction pair processor
modulo 7

(5) SN(C|ab\ >7I_TP07 Riap U Decr}-u)

Correct if Ryap is finitely branching

Unlabeling

- 6) SN(C',R)
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Proving termination with PL

(1) SN(R)
DP transformation
(2 SN(DP(R),R)

DP graph analysis

- 3 SN(C,R)
Predictive labeling Problem: is this correct?

4) SN(Ciab, Riab U Decr 1)

Reduction pair processor
modulo 7

(5) SN(C|ab\ >7I_TP07 Riap U Decr}-u)

Unlabeling

- 6) SN(C',R)
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PL in the DP setting

A DP problem (P, R) is finite if there exists:
© a weakly-monotone |l-algebra and
@ a weakly-monotone labeling ¢
such that:
e P CDP(R)
@ R is finitely branching,
o U(R,0)C Z 4 and
® (Piab, Riab U Decr) is finite.

TU/e
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Outline

© Practice
@ SAT encoding
@ Experimental results

TU/e
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How to search for termination proofs using PL + DP?

How to:
@ choose which function symbols to label (Ly),

TU/e
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How to search for termination proofs using PL + DP?

How to:
@ choose which function symbols to label (Ly),

@ search for quasi-model (fa) and labeling functions (¢f),

TU/e
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How to search for termination proofs using PL + DP?

How to:
@ choose which function symbols to label (Ly),
@ search for quasi-model (fa) and labeling functions (¢¢),

@ search for LPO proof over infinite signature (Ryap),

TU/e
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How to search for termination proofs using PL + DP?

How to:
@ choose which function symbols to label (L¢),

@ search for quasi-model (fa) and labeling functions (¢f),

@ J. Endrullis, J. Waldmann, and H. Zantema.
Matrix interpretations for proving termination of term rewriting.
In Proc. 3rd IJCAR 2006.

@ search for LPO proof over infinite signature (Rjap),

TU/e:
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How to search for termination proofs using PL + DP?

How to:
@ choose which function symbols to label (L¢),
@ search for quasi-model (f4) and labeling functions (¢¢),
@ J. Endrullis, J. Waldmann, and H. Zantema.

Matrix interpretations for proving termination of term rewriting.
In Proc. 3rd IJCAR 2006.

@ search for LPO proof over infinite signature (Ryap),
@ P. Schneider-Kamp, R. Thiemann, E. Annov, M. Codish and J. Giesl.

Implementing RPO using SAT.
WST 2007.

TU/e:
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How to search for termination proofs using PL + DP?

How to:
@ choose which function symbols to label (L¢),
@ search for quasi-model (f4) and labeling functions (¢¢),
@ J. Endrullis, J. Waldmann, and H. Zantema.

Matrix interpretations for proving termination of term rewriting.
In Proc. 3rd IJCAR 2006.

@ search for LPO proof over infinite signature (Rjap),
@ P. Schneider-Kamp, R. Thiemann, E. Annov, M. Codish and J. Giesl.

Implementing RPO using SAT.
WST 2007.

@ A. Koprowski and H. Zantema.
Automation of recursive path ordering for infinite labelled rewrite systems.
In Proc. 3rd IJCAR 2006.
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How to search for termination proofs using PL + DP?

How to:
@ choose which function symbols to label (L¢),
@ search for quasi-model (f4) and labeling functions (¢f),
@ J. Endrullis, J. Waldmann, and H. Zantema.

Matrix interpretations for proving termination of term rewriting.
In Proc. 3rd IJCAR 2006.

@ search for LPO proof over infinite signature (Rjap),
@ P. Schneider-Kamp, R. Thiemann, E. Annov, M. Codish and J. Giesl.

Implementing RPO using SAT.
WST 2007.

@ A. Koprowski and H. Zantema.
Automation of recursive path ordering for infinite labelled rewrite systems.
In Proc. 3rd IJCAR 2006.

= ldea: use SAT

TU/e:
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Proving termination with PL

(1) SN(R)
DP transformation
(2 SN(DP(R),R)

DP graph analysis

s 3) SN(C,R)
Predictive labeling

(4) SN(C|ab, Riap U Decrf;)

Reduction pair processor
modulo 7

(5) SN(Ciab\ >Tpg: Riab U Decr £¢)

Unlabeling

- 6) SN(C',R)
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Quasi-model constraints

@ Symbol dependencies:

A¢(P,R) = U {g € F(t) | root(t) = f and t </ or t Ir}.
I—rePUR

TU/e
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Quasi-model constraints

@ Symbol dependencies:

A¢(P,R) = U {g € F(t) | root(t) =f and t I/ or t Jr}.
I—rePUR

o We introduce:

TU/e
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Quasi-model constraints

@ Symbol dependencies:

A¢(P,R) = U {g € F(t) | root(t) =f and t I/ or t Jr}.
I—rePUR

@ We introduce:
e L¢ to indicate whether f is labeled (Lf # @) and
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Quasi-model constraints

@ Symbol dependencies:

A¢(P,R) = U {g € F(t) | root(t) =f and t I/ or t Jr}.
I—rePUR

@ We introduce:

e L to indicate whether f is labeled (Lf # @) and
e U variables to indicate whether f is usable for labeling.
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Quasi-model constraints

@ Symbol dependencies:

A¢(P,R) = U {g € F(t) | root(t) =f and t I/ or t Jr}.
I—rePUR

@ We introduce:

e L to indicate whether f is labeled (Lf # @) and
e Uy variables to indicate whether f is usable for labeling.

@ Usable rules:

wor(PR) = A (L= A U)

feFt gEN(P,R)*
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Quasi-model constraints

@ Symbol dependencies:

A¢(P,R) = U {g € F(t) | root(t) =f and t I/ or t Jr}.
I—rePUR

@ We introduce:

e L to indicate whether f is labeled (Lf # @) and
e Uy variables to indicate whether f is usable for labeling.

@ Usable rules:

wor(P,R) = J\ (Lf — A Ug)

feFt gELF(P,R)*

@ Quasi-model constraints:

wQM(R): /\ (Uf — /\ ’_[/]A zA [r]A—I>-
fEDR I—reRys

TU/e:
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Encoding LPO

o LPO lifts a well-founded (quasi)-ordering of function symbols to a
well-founded (quasi)-ordering of terms.

TU/e
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Encoding LPO

e LPO lifts a well-founded (quasi)-ordering of function symbols to a
well-founded (quasi)-ordering of terms.

@ Use the standard encoding of LPO only differently encoding precedence
comparisons.

o Coding a precedence: for every f € F introduce its level: f;, € N .
@ This induces the precedence:

° fo>‘go |ff14 >Ngll
o fi=giif i =ngrLandi >4 .
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e LPO lifts a well-founded (quasi)-ordering of function symbols to a
well-founded (quasi)-ordering of terms.

@ Use the standard encoding of LPO only differently encoding precedence
comparisons.

o Coding a precedence: for every f € F introduce its level: f;, € N and
sublevel: fg;, € N.

@ This induces the precedence:

o fo = go if i, >N gL
o fi>giif fu =ngrand i >4 or(i2ajand fsr, >n gsr).
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Encoding LPO

LPO lifts a well-founded (quasi)-ordering of function symbols to a
well-founded (quasi)-ordering of terms.

Use the standard encoding of LPO only differently encoding precedence
comparisons.

Coding a precedence: for every f € F introduce its level: f;, € N and
sublevel: fg;, € N.

This induces the precedence:

o fo = go if i, >N gL
o fi>giif f, =ngrand i>4jor(i2ajand fsr, >n gsr).

SAT encoding:
Tf; >gj—' = T, >vgL'V ('_fL :Nng/\Lf/\LgA ('_i >V

("I 2a )7 A s > gs))

Tf £ = LeATi> 40
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Proving termination with PL

(1) SN(R)
DP transformation
(2) SN(DP(R),R)

DP graph analysis

~ 3) SN(C,R)
Predictive labeling

4) SN(Ciab, Riab U Decr 1)

Reduction pair processor
modulo 7

(5) SN(C|ab\ >er0’ Riap U Decr]_-u)

Correct if Ryap is finitely branching

Unlabeling

- 6) SN(C’,R)
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Finite branching condition

@ Forbid rules of the shape:

-~~fbx+...~"_>"'fCX+--~ C>0
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Finite branching condition

@ Forbid rules of the shape:

...fE)X+.”...—>...fCX+.” c>0

@ by means of the following formula:

(Dx(t): \/ LeAna>0

ftr,e.. ty) <t
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Finite branching condition

@ Forbid rules of the shape:

...fE)X+”....—>...fCX+.” C>O

@ by means of the following formula:

o ()= \/ Lrna>0

f(tl,...,tn)ﬂt

where a is the coefficient of x when (symbolically) computing the label of f
in f(ty,...,th).
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Finite branching condition

@ Forbid rules of the shape:

...fE)X+”....—>...fCX+.” C>O

@ by means of the following formula:

wrp(R) = /\ /\ (®x(r) = &x(1))

I—reR xeV(r)
with

o ()= \/ Lrna>0

f(tl,...,tn)ﬂt

where a is the coefficient of x when (symbolically) computing the label of f
in f(ty,...,ty).
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Experimental results

Table: Experiments with TPA on 864 TRSs from the TPDB version 3.2.

\ 60 seconds timeout 10 minutes timeout

] \ technique H yes \ time \ timeout || yes \ time \ timeout
SL 440 | 1178 2 440 1351 0
1x1 PL 456 | 1193 2 456 1316 0
PL’ 426 | 752 1 426 893 0
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Experimental results

Table: Experiments with TPA on 864 TRSs from the TPDB version 3.2.

\ 60 seconds timeout 10 minutes timeout
] | technique || yes | time [ timeout || yes | time [ timeout

SL 440 | 1178 2 440 1351 0

1x1 PL 456 | 1193 2 456 1316 0
PL’ 426 752 1 426 893 0

SL 503 | 6905 51 506 | 24577 30

2x2 PL 527 | 6906 53 532 | 25582 32
PL’ 522 | 5211 33 524 | 11328 8
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@ a way to effectively search for PL proofs using LPO by encoding the problem
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@ an extension of the theory of PL to the DP setting,

@ a way to effectively search for PL proofs using LPO by encoding the problem
into SAT.

Future work:
@ extending interpretations to handle min and max functions.
@ experimenting with different base orders (RPO, KBO, ...),
@ getting rid of the restriction to finitely branching systems (Ohlebusch),

Improvements and innermost termination:

[3 R. Thiemann, A .Middeldorp.

Innermost Termination of Rewrite Systems by Labeling.
WRS 2007.
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Thank you for your attention.
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