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Termination of Rewriting

Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))
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gcd(0, s(x))→ s(x) x − 0→ x
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Termination of Rewriting

Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

gcd(6, 4)→ gcd(max(5, 3)−min(5, 3), s(min(5, 3)))
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Termination of Rewriting

Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

gcd(6, 4)→+ gcd(s(max(4, 2))−min(5, 3), s(min(5, 3)))
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gcd(0, s(x))→ s(x) x − 0→ x
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gcd(6, 4)→+ gcd(s(s(max(3, 1)))−min(5, 3), s(min(5, 3)))

A.Koprowski, A.Middeldorp (TU/e, Innsbruck U.) Predictive Labeling with DP using SAT 20 July 2007 CADE Bremen 2 / 25



Termination of Rewriting

Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y
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min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x
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min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y
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gcd(0, s(x))→ s(x) x − 0→ x
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min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y
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Termination of Rewriting

Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

gcd(6, 4)→+ gcd(0, 2)
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Termination of Rewriting

Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

gcd(6, 4)→+ 2
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Definition
A TRS is terminating if it does not admit an infinite rewrite sequence.

Termination methods
Knuth-Bendix order, polynomial interpretations, lexicographic path order, multiset
order, multiset path order, recursive path order, semantic path order, recursive
decomposition order, transformation order, elementary interpretations,
well-founded monotone algebra, general path order, semantic labeling, type
introduction, freezing, top-down labeling, dependency pair method, matchbounds,
size-change principle, predictive labeling, uncurrying, matrix interpretations,
quasi-periodic interpretations, bounded increase . . .

Termination tools
AProVE, Cariboo, Cime, JamBox, MatchBox, MultumNonMulta, MuTerm,
Teparla, Torpa, TPA, TTT, TTTbox, . . .
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Semantic Labeling (SL)

Example

Is this TRS terminating?

f(s(x), s(y))→ s(f(x , y))

f(x , c)→ c

f(c, y)→ c

g(x , c)→ x

g(s(x), s(y))→ s(g(x , y))

g(c, y)→ y

h(s(x), s(y))→ h(x , y)

h(x , c)→ x

l(s(x), s(y))→ l(h(g(x , y), f(x , y)), s(f(x , y)))
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Semantic Labeling (SL)

Example

How about this one?

min(x , 0)→ 0

min(0, y)→ 0

min(s(x), s(y))→ s(min(x , y))

max(x , 0)→ x

max(0, y)→ y

max(s(x), s(y))→ s(max(x , y))

s(x)− s(y)→ x − y

x − 0→ x

gcd(s(x), s(y))→ gcd(max(x , y)−min(x , y), s(min(x , y)))
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Example

min(x , 0)→ 0

min(0, y)→ 0

min(s(x), s(y))→ s(min(x , y))

max(x , 0)→ x

max(0, y)→ y

max(s(x), s(y))→ s(max(x , y))

s(x)− s(y)→ x − y

x − 0→ x

gcd(s(x), s(y))→ gcd(max(x , y)−min(x , y), s(min(x , y)))

0N = 0 sN(x) = 2x + 1 minN(x , y) = x maxN(x , y) = x + y

−N(x , y) = x gcdN(x , y) = 0

`gcd(x , y) = 2x + y
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Semantic Labeling (SL)

Example

min(x , 0)→ 0 x ≥ 0

min(0, y)→ 0 0 ≥ 0

min(s(x), s(y))→ s(min(x , y)) 2x + 1 ≥ 2x + 1

max(x , 0)→ x x ≥ x

max(0, y)→ y y ≥ y

max(s(x), s(y))→ s(max(x , y)) 2x + 2y + 2 > 2x + 2y + 1

s(x)− s(y)→ x − y 2x + 1 > x

x − 0→ x x ≥ x

gcd(s(x), s(y))→ gcd(max(x , y)−min(x , y), s(min(x , y))) 0 ≥ 0

0N = 0 sN(x) = 2x + 1 minN(x , y) = x maxN(x , y) = x + y
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x − 0→ x i , j ∈ N
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gcdi (x , y)→ gcdj(x , y) i > j

0N = 0 sN(x) = 2x + 1 minN(x , y) = x maxN(x , y) = x + y

−N(x , y) = x gcdN(x , y) = 0

`gcd(x , y) = 2x + y
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Semantic Labeling (SL)

Example

min(x , 0)→ 0

min(0, y)→ 0
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s(x)− s(y)→ x − y

x − 0→ x

gcd4i+2j+3(s(x), s(y))→ gcd4i+2j+1(max(x , y)−min(x , y), s(min(x , y)))

gcdi (x , y)→ gcdj(x , y)

0N = 0 sN(x) = 2x + 1 minN(x , y) = x maxN(x , y) = x + y

−N(x , y) = x gcdN(x , y) = 0

`gcd(x , y) = 2x + y

A.Koprowski, A.Middeldorp (TU/e, Innsbruck U.) Predictive Labeling with DP using SAT 20 July 2007 CADE Bremen 6 / 25



Semantic Labeling (SL)

Example

min(x , 0)→ 0

min(0, y)→ 0

min(s(x), s(y))→ s(min(x , y))

max(x , 0)→ x ⇒ LPO applicable

max(0, y)→ y . . . > gcd1 > gcd0 > {min,max,−} > s

max(s(x), s(y))→ s(max(x , y))

s(x)− s(y)→ x − y

x − 0→ x
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Semantic Labeling (SL)

Definition (Semantic labeling)

Semantics:

F-algebra A = (A, {fA}f∈F , >A,&A)

Labeling:

for every f ∈ F a set of labels Lf ⊆ A
labeling functions `f : An → Lf for every n-ary f ∈ F with Lf 6= ∅

Labeling of terms (for a variable assignment α : V → A).

labα(t) =


t if t is a variable,

f (labα(t1), . . . , labα(tn)) if t = f (t1, . . . , tn) and Lf = ∅,

fa(labα(t1), . . . , labα(tn)) if t = f (t1, . . . , tn) and Lf 6= ∅

with a = `f ([α]A(t1), . . . , [α]A(tn))

Labeled TRS:

Rlab = {labα(l)→ labα(r) | l → r ∈ R, α : V → A}
Decr = {fa(x1, . . . , xn)→ fb(x1, . . . , xn) | f ∈ F , Lf 6= ∅; a, b ∈ Lf , a > b}
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Labeled TRS:
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Decr = {fa(x1, . . . , xn)→ fb(x1, . . . , xn) | f ∈ F , Lf 6= ∅; a, b ∈ Lf , a > b}
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Semantic Labeling (SL)

Theorem (Zantema, 1995)

A TRS R is terminating if there exists:

a weakly-monotone F-algebra and

a weakly-monotone labeling `

such that:

R ⊆ &A and

Rlab ∪ Decr is terminating
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Predictive Labeling (PL)

Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))
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min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

(`gcd(x , y) = 2x + y

0N = 0 sN(x) = 2x + 1 minN(x , y) = x maxN(x , y) = x + y

−N (x , y) = x gcdN(x , y) = 0

Problem: how to obtain a quasi-model?
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gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

(`gcd(x , y) = 2x + y

0N = 0 sN(x) = 2x + 1 minN(x , y) = x maxN(x , y) = x + y

−N (x , y) = x gcdN(x , y) = 0

Problem: how to obtain a quasi-model?
⇒ use predictive labeling (quasi-model constraints only for usable rules)
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Predictive Labeling (PL)

Example

min(x , 0)→ 0 max(x , 0)→ x
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min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

Computation of usable rules:

1 Look at symbols that will get labels.
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3 All function symbols occurring there are usable.

4 Also the symbols that depend on them.
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0N = 0 sN(x) = 2x + 1 minN(x , y) = x maxN(x , y) = x + y

−N (x , y) = x gcdN(x , y) = 0

Computation of usable rules:

4 Also the symbols that depend on them.

5 Semantics needed only for usable symbols.
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5 Semantics needed only for usable symbols.
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Predictive Labeling (PL)

Definition (Usable rules)

f Bd g ≡ ∃f (. . .)→ r ∈ R, g(. . .) E r

F ∗ ≡ {g | f B∗d g for some f ∈ F}.

G`(t) =


∅ if t is a variable,

F(t1)∗ ∪ · · · ∪ F(tn)∗ if t = f (t1, . . . , tn) and Lf 6= ∅,

G`(t1) ∪ · · · ∪ G`(tn) if t = f (t1, . . . , tn) and Lf = ∅
G`(R) =

⋃
l→r∈R G`(l) ∪ G`(r)

U(R, `) = {l → r ∈ R | root(l) ∈ G`(R)}
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Predictive Labeling (PL)

Theorem (Hirokawa, Middeldorp, 2006)

A TRS R is terminating if there exists:

a weakly-monotone t-algebra and

a weakly-monotone labeling `

such that:

U(R, `) ⊆ &A and

Rlab ∪ Decr is terminating
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Dependency Pairs (DP)

Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))
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Example

min(x , 0)→ 0 max(x , 0)→ x

min(0, y)→ 0 max(0, y)→ y

min(s(x), s(y))→ s(min(x , y)) max(s(x), s(y))→ s(max(x , y))

gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

⇒ apply dependency pairs
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gcd(0, s(x))→ s(x) x − 0→ x

gcd(s(x), 0)→ s(x) s(x)− s(y)→ x − y

gcd(s(x), s(y))→ gcd(max(x,y) - min(x,y), s(min(x,y)))

(1) minus](s(x), s(y))→ minus](x , y) (5) gcd](s(x), s(y))→ min](x , y)

(2) min](s(x), s(y))→ min](x , y) (6) gcd](s(x), s(y))→ max](x , y)

(3) max](s(x), s(y))→ max](x , y)

(4) gcd](s(x), s(y))→ minus](max(x , y),min(x , y))

(7) gcd](s(x), s(y))→ gcd](max(x , y)−min(x , y), s(min(x , y)))
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Proving termination with PL

(1) SN(R)

DP transformation
��

(2) SN(DP(R),R)

DP graph analysis
��

(3) SN(C,R)

Predictive labeling
��

(4) SN(Clab,Rlab ∪ DecrF])

Reduction pair processor
modulo π

��

(5) SN(Clab\ >πLPO,Rlab ∪ DecrF])

Unlabeling
��

(6) SN(C′,R)
@A

GF //
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DP graph analysis
��

(3) SN(C,R)

Predictive labeling
��

(4) SN(Clab,Rlab ∪ DecrF])

Reduction pair processor
modulo π

Problem: Clab and Rlab are infinite!
��

(5) SN(Clab\ >πLPO,Rlab ∪ DecrF])

Unlabeling
��

(6) SN(C′,R)
@A

GF //
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DP transformation
��

(2) SN(DP(R),R)

DP graph analysis
��

(3) SN(C,R)

Predictive labeling
��

(4) SN(Clab,Rlab ∪ DecrF])

Reduction pair processor
modulo π

Correct if Rlab is finitely branching
��

(5) SN(Clab\ >πLPO,Rlab ∪ DecrF])

Unlabeling
��

(6) SN(C′,R)
@A

GF //
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PL in the DP setting

Theorem

A DP problem (P,R) is finite if there exists:

a weakly-monotone t-algebra and

a weakly-monotone labeling `

such that:

P ⊆ DP(R)

R is finitely branching,

U(R, `)⊆ &A and

(Plab,Rlab ∪ Decr) is finite.
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How to search for termination proofs using PL + DP?

How to:

choose which function symbols to label (Lf ),

search for quasi-model (fA) and labeling functions (`f ),

search for LPO proof over infinite signature (Rlab),
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Quasi-model constraints

Symbol dependencies:

∆f (P,R) =
⋃

l→r∈P∪R

{g ∈ F(t) | root(t) = f and t E l or t E r}.

We introduce:

Lf to indicate whether f is labeled (Lf 6= ∅) and
Uf variables to indicate whether f is usable for labeling.

Usable rules:

ωUR(P,R) =
∧

f∈F]

(
Lf =⇒

∧
g∈∆f (P,R)∗

Ug

)

Quasi-model constraints:

ωQM(R) =
∧

f∈DR

(
Uf =⇒

∧
l→r∈Rf

p[l ]A &A [r ]Aq
)
.
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Encoding LPO

LPO lifts a well-founded (quasi)-ordering of function symbols to a
well-founded (quasi)-ordering of terms.

Use the standard encoding of LPO only differently encoding precedence
comparisons.

Coding a precedence: for every f ∈ F introduce its level: fL ∈ N .

This induces the precedence:

f◦ � g◦ if fL >N gL

fi � gj if fL =N gL and .

SAT encoding:

pfi � gjq = pfL >N gLq ∨
(
pfL =N gLq ∧ Lf ∧ Lg ∧

(
pi >A jq ∨

(pi &A jq ∧ pfSL >N gSLq)
))

pfi � fjq = Lf ∧ pi >A jq
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Finite branching condition

Forbid rules of the shape:

. . . f0x+... . . .→ . . . fcx+... c > 0

by means of the following formula:

ωFB(R) =
∧

l→r∈R

∧
x∈V(r)

(
Φx(r) =⇒ Φx(l)

)
with

Φx(t) =
∨

f (t1,...,tn)Et

Lf ∧ a > 0

where a is the coefficient of x when (symbolically) computing the label of f
in f (t1, . . . , tn).
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Experimental results

Table: Experiments with TPA on 864 TRSs from the TPDB version 3.2.

60 seconds timeout 10 minutes timeout
technique yes time timeout yes time timeout

1×1
SL 440 1178 2 440 1351 0
PL 456 1193 2 456 1316 0
PL′ 426 752 1 426 893 0
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60 seconds timeout 10 minutes timeout
technique yes time timeout yes time timeout

1×1
SL 440 1178 2 440 1351 0
PL 456 1193 2 456 1316 0
PL′ 426 752 1 426 893 0

2×2
SL 503 6905 51 506 24577 30
PL 527 6906 53 532 25582 32
PL′ 522 5211 33 524 11328 8
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Conclusions

We presented:

an extension of the theory of PL to the DP setting,

a way to effectively search for PL proofs using LPO by encoding the problem
into SAT.

Future work:

extending interpretations to handle min and max functions.

experimenting with different base orders (RPO, KBO, . . . ),

getting rid of the restriction to finitely branching systems (Ohlebusch),

Improvements and innermost termination:

R. Thiemann, A .Middeldorp.

Innermost Termination of Rewrite Systems by Labeling.

WRS 2007.
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The end

Thank you for your attention.
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